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Abstract
We study worldsheet theory of confining strings in two-dimensional massive adjoint
QCD. Similarly to confining strings in higher dimensions this theory exhibits a non-
trivial S-matrix surviving even in the strict planar limit. In the process of two-particle
scattering a zigzag is formed on the worldsheet. It leads to an interesting non-locality
and exhibits some properties of a quantum black hole. Ordinarily, identical quantum
particles do not carry identity. On the worldsheet they acquire off-shell identity due
to strings attached. Identity implies complementarity. We discuss similarities and
differences of the worldsheet scattering with the T T¯ deformation. We also propose a
promising candidate for a supersymmetric model with integrable confining strings.
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1 Introduction
Constructng a theory of confining strings remains an interesting challenge. Large N gauge
theories are closely related to gravity, with AdS/CFT [1–3] providing a concrete and spectac-
ular example of this connection for conformal theories. The BFSS matrix model [4] and the
matrix model for c = 1 strings [5] are other notable examples. Understanding the confining
case is likely to give a further insight into gravitational dynamics.
Recent progress in understanding of confining strings [6–9] is to large extent related to
the identification of a new nice observable to focus on—the worldsheet S-matrix [10] (for
other recent developments see, e.g., [11–16]). In the planar limit the worldsheet dynamics
decouples from the bulk, and the worldsheet scattering is described by a UV complete unitary
two-dimensional theory. There is a number of indications that this theory exhibits certain
gravitational features rather than being just a conventional local quantum field theory. If this
expectation is confirmed, it provides another concrete link between large N gauge theories
and gravity.
A somewhat surprising property of the worldsheet S-matrix is that it stays non-trivial
even in the strict planar limit, N = ∞, when the bulk S-matrix turns free. This is an
exact analogue of what happens in the critical string theory, where in the free limit, gs = 0,
the worldsheet scattering remains non-trivial and describes an integrable model of two-
dimensional gravity [17].
In three and four dimensions, D = 3, 4, a wealth of information about the worldsheet
scattering can be extracted from lattice studies of confining flux tubes ( [18–24], see [25,26]
for reviews). In the present paper we turn to the two-dimensional case, D = 2, where the
analytical access to the worldsheet dynamics should be easier to achieve.
The study of two-dimensional QCD has a long and fascinating history. In the pure Yang–
Mills case neither the “bulk”1 nor the worldsheet theory carry local degrees of freedom. The
partition function and the Wilson loop corelators of this topological theory can be calculated
exactly even at finite N [27–31]. The large N expansion of the exact answer can be explicitly
recast in the form of perturbative string series [32–34].
Introducing quarks in the fundamental representation brings in local dynamics and results
in the ’t Hooft model, where one can solve for the spectrum of mesons in the planar limit [35].
However, fundamental quarks do not respect the center symmetry, allowing for the confining
strings to be broken. Hence, to study the dynamics of confining strings it is natural to
introduce adjoint quarks instead [36–38]. Most likely, the theory is no longer solvable, but
many details about its spectrum can still be extracted semianalytically using the light cone
quantization (for a recent update see [39]).
Unfortunately, so far not much wisdom has been gained from these results as far as the
dynamics of confining strings in higher dimensions is concerned. In the present paper we
propose that a promising remedy for this is to focus again on the worldsheet scattering.
1Note that in D = 2 the “bulk” theory lives in the same number of dimensions as the worlsheet one.
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Unlike a bulk theory, the string worldsheet is always two-dimensional, so it is plausible that
many properties of the worldsheet S-matrix at D = 2 can be directly lifted to D = 3 and
D = 4.
We take quarks to be Majorana fermions, which proved to be the simplest case in the
studies of the hadron spectrum [36]. A peculiarity of the D = 2 case is that for massless
quarks the color charge is shielded rather than confined [40,41]. Hence we are led to consider
the setup where fermions are massive, so that the action is
S =
∫
d2σTr
{
− 1
2g2
F µνFµν + ψ¯(iγ
µ∇(ad)µ −m)ψ
}
. (1)
In the present paper we restrict to the heavy mass case,
m2  g2N , (2)
when the theory is amenable to a straightforward perturbative expansion. It will be in-
teresting to understand the light mass regime as well. Conventionally it is studied using
the bosonization technique [42–44]. Unfortunately, it does not appear to be useful for our
purposes. The bosonic description is weakly coupled at m2  g2, so that the quark mass
vanishes in the planar limit, and one does not get a description of the confining phase at
N =∞. For instance, the string tension calculated in [44] vanishes in the ’tHooft limit.
The rest of the paper is organized as follows. In section 2 we describe the setup in
detail. We explain that the string worldsheet arises as a subsector in the discrete θ-vacuum
present in QCD2 [45]. Similarly to higher dimensions this subsector decouples from the
rest of the theory in the planar limit but retains a non-trivial scattering. θ-vacua in QCD2
are discrete analogs of constant electric field backgrounds studied in the Abelian massive
Schwinger model by Coleman [43]. We review the Hamiltonian description of these vacua
and the corresponding one-particle excitations—“the free quarks”.
In section 3 we study two-particle worldsheet excitations. We encounter an interesting
puzzle here. Namely, naively the number of two-particle excitations on the worldsheet does
not match the expectation based on the one-particle spectrum—apparently there are “extra”
two-particle excitations. These excitations have a simple string interpretation and somewhat
related to “half-asymptotic states” described by Coleman in the massive Schwinger model
at θ = pi (see also [46] for a detailed discussion). However, a careful examination of the
two-particle Hamiltonian and of the resulting scattering reveals that the extra states are
an illusion as far as the on-shell scattering data is concerned. Nevertheless, as a price
for resolving this apparent contradiction the worldsheet theory exhibits an interesting non-
locality. In section 4 we discuss some of the implications of this non-locality. We argue that
two-particle excitations on the worldsheet exhibit some features expected from a quantum
black hole. In particular this system provides a specific realization of complementarity.
In section 5 we compare worldsheet scattering to the gravitational dressing introduced
in [47] and recasted recently in the operator formalism as a T T¯ deformation [48–50], building
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up on [51]. We describe some tantalizing similarities but also some differences. We also point
out that in the light mass regime a particularly interesting point is
m2 =
g2N
pi
.
The theory (1) is known to be supersymmetric at this point [38]. The supersymmetry is
spontaneously broken on the worldsheet with the free quark turning into a massless goldstino.
This theory provides an interesting candidate for an integrable confining string model.
We conclude in section 6. Appendices A and B contain various conventions and technical
details of our calculations.
2 String Worldsheet as a θ-vacuum in QCD2
Confining flux tubes in dimensions D = 3, 4 are easily visualized as lower dimensional dy-
namical defects embedded in a higher dimensional bulk. The notion of a worldsheet theory
at D = 2 may appear somewhat confusing, given that it has the same dimensionality as the
full “bulk” theory. So let us start by explaining the precise meaning of the worldsheet theory
at D = 2.
Note first that at D = 2 the confinement is present even in a classical Abelian theory.
Hence, one may expect that the presence of a confining string should be equivalent to a
background of a constant (chromo)electric field generated between confined (chromo)electric
charges. To make this precise it is instructive to recall how flux tubes are observed in the
lattice simulations in D = 3, 4 gluodynamics [25]. There one considers a compactification
on a cylinder and measures a two-point correlator of Polyakov loops,
OP = TrPei
∫
P dσA ,
where the path P winds once around the spatial circle, and the trace is taken in the fun-
damental representation. This operator creates a wound string state and by measuring the
exponential falloff of the two-point function 〈O†P(τ)OP(0)〉 one determines its energy, see
Fig. 1. Different worldsheet states may be probed by deforming the integration contour P
in the transverse directions. As a consequence of the center symmetry only states with a
wrapped string present contribute into this correlator. At finite N the operator OP may
produce also a bunch of glueballs in addition to a wound string. However, this does not
happen in the planar limit, so that at large N this measurement allows to determine the
finite volume spectrum of the worldsheet theory.
Exactly the same strategy can be applied at D = 2. Of course in this case the fixed
time slices are one-dimensional, so all paths P give the same result. This agrees with the
absence of local excitations on the string worldsheet in the two-dimensional pure glue theory.
However, in the presence of adjoint fermions one may consider generalized Polyakov loops
4
OP (0)
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Figure 1: A long string wound around the cylinder is created by a Polyakov loop OP .
In lattice simulations a finite volume spectrum of the worldsheet theory is determined
from the exponential falloff of two-point correlators, 〈O†P (τ)OP (0) =
∑
n e
−Enτ .
with additional fermion insertions,
OP,n = TrPei
∫
P dσAψ(σ1) . . . ψ(σn) , (3)
which create non-trivial local excitations on the worldsheet. Upon taking the circle size to
infinity this construction matches the description of a discrete θ-vacuum introduced in [45].
The only distinction between the θ-vacuum and what we call the string worldsheet is
that the latter describes a subsector of the former spanned by states created by single trace
operators of the form (3). A generic excitation of the θ-vacuum is created by a multitrace
operator constructed as a product of (3) and a set of topologically trivial Wilson loops with
fermion insertions producing “glueball” states in addition to a long string. In the planar
limit glueball states decouple.
Dynamics in the θ-vacuum is conveniently described by the Hamiltonian formalism pre-
sented in [45], which generalizes Coleman’s treatment of the massive Schwinger model [43].
Instead of a circle compactification it is more convenient to work on an interval I = [−L,L]
with infinitely heavy fundamental and antifundamental charges at the end-points. In the
limit L→∞ there is no distinction between a circle and an interval anyway.
To construct the canonical formalism one fixes the axial gauge
Aa1 = 0 .
The remaining components of the gauge field Aa0 are non-dynamical, so one can solve for
them from the Gauss’ law and plug the result back in the action. The solution for the
chromoelectric field takes the form
Ea ≡ ∂σAa0 =
g2
2
∫
dσ′(σ − σ′) (ρa(σ′) + ρabd(σ′)) , (4)
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where (σ) is the sign function. Here
ρa = − i
2
ψTbψcfabc . (5)
is the charge density of dynamical fermions and ρabd accounts for the presence of heavy charges
at the boundaries,
ρabd = T
aδ(σ − L) + T¯ aδ(σ + L) .
T a and T¯ a are generators of the fundamental and antifundamental representations acting
on the boundary charges. Importantly, these are quantum mechanical operators rather than
c-numbers. They may be thought to describe dynamics of internal color degrees of freedom
which survive even in the limit when the mass of the boundary charges is taken to infinity.
To describe physical states one starts with an enlarged Hilbert space,
H0 = V ⊗Hf ⊗ V¯ ,
where Hf is the Hilbert space of free dynamical quarks ψa, and V , V¯ are vector spaces
describing the states of boundary fundamental and antifundamental charges. Physical states
|ph〉 are the states of H0 which do not carry color, i.e., they are annihilated by total color
charges
Qa|ph〉 =
(
T a + T¯ a +
∫
ρa
)
|ph〉 = 0 . (6)
The total Hamiltonian is a sum of a free fermion Hamiltonian and of the energy stored in
the chromoelectric field,
H =
∫
dσ
(
1
2g2
(Ea)2 +
1
2
ψ¯a(−iγ1∂σ +m)ψa
)
, (7)
where the latter may be presented as the sum of three terms,∫
dσ
1
2g2
(Ea)2 = H0 +H2 +H4 .
The first term
H0 = 2Lg
2C2
2
(8)
is the vacuum energy responsible for the classical string tension with C2 standing for the
quadratic Casimir in the fundamental representation,
C2 = (T a)2 = N
2 − 1
2N
≈ N
2
.
The second term describes interaction of dynamical quarks with the chromoelectric field
produced by the boundary charges,
H2 =
g2
2
(T¯ a − T a)
∫
dσσρa(σ) , (9)
6
Naively this term is not translationally invariant. However, after multiplying the charge
neutrality condition (6) by (T¯ a − T a) one finds that the H2 variation under translations
vanishes in the physical subspace of H0.
The last term
H4 = −g
2
4
∫
dσdσ′|σ − σ′|ρa(σ)ρa(σ′) (10)
describes non-Abelian Coulomb interactions between quarks due to gluon exchange.
To conclude the review of the θ-vacuum let us describe the ground state of a long string
and one-particle excitations on its worldsheet. In the heavy mass limit the theory is weakly
coupled so the mixing between states with different number of quarks (“partons”) is sup-
pressed. To avoid an insane proliferation of indices it is convenient to think of states in H0
as matrices acting in the fundamental representation with entries taking values in the quark
Fock space Hfree.
Then, for a large quark mass, the normalized physical ground state |0〉 is well approxi-
mated by a single color singlet state without parton excitations,
|0〉 = 1√
N
|0〉F ⊗ 1 ,
where |0〉F is the Fock vacuum and 1 is the unit operator acting in the fundamental repre-
sentation. The string tension `−2s is determined mostly by the classical vacuum energy (8),
`−2s =
g2N
4
. (11)
Similarly, one-particle states are well approximated by color singlet one-parton states in
H0. For any value of the spatial momentum k there is a single such state,
|k〉 = N1|k, a〉 ⊗ T a , (12)
where |k, a〉 is a one-particle state in Hfree,
|k, a〉 = βa†k |0〉F
and the normalization factor
N1 = (NC2)−1/2 ≈
√
2
N
,
is fixed from
〈q|k〉 = |N1|2δ(k − q)TrT †aT a = δ(k − q)
These states describe a single massive particle on the worldsheet—the “free quark”. Picto-
rially it can be represented as an adjoint charge with two conjugate flux lines attached. The
flux lines stretch into opposite directions and terminate at the boundary charges, Fig. 2.
Clearly, these states correspond to operators (3) with a single fermion insertion.
7
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Figure 2: A one-particle state on the worldsheet may be represented as a free quark
with two conjugate flux lines emanating in opposite directions and terminating at the
boundary charges at infinity.
3 Two-Particle States on the Worldsheet
3.1 Distinguishable Particles
To confirm that the worldsheet scattering has a non-trivial planar limit we need to inspect
properties of two-particle states. In order to avoid additional complications arising in the
presence of identical particles it is instructive to modify the model by considering its two
flavor version,
ψa → (ψa1 , ψa2) .
For simplicity, we first consider only two-particle states where different parton flavors are
excited. When the dust settles, it will be straightforward to extend the discussion to the
states with identical particles.
By inspecting color singlet states in H0 we immediately encounter the following puzzle.
Namely, it is easy to see that there are three families of physical two-parton states in H0,
|k1, k2〉m ≈ N−3/2|k1, k2, a1, a2〉F ⊗ δa1a21 (13)
|k1, k2〉L ≈ 2N−3/2|k1, k2, a1, a2〉F ⊗ T a1T a2 (14)
|k1, k2〉R ≈ 2N−3/2|k1, k2, a1, a2〉F ⊗ T a2T a1 , (15)
where
|k1, k2, a1, a2〉F = βa1†k1 γa2†k2 |0〉F .
The states (13), (14), (15) are approximate in the sense that they form an orthonormal basis
only at N =∞. It is straightforward to generalize these expressions into exactly orthonormal
states, but we do not need them. These three families of states were previously identified
in [52], where their presence was also deduced from the exact answer for the expectation
value of the nested fundamental and adjoint Wilson loops in the pure glue theory. The
puzzle is how the existence of three families of two-particle states compatible with a single
one-particle state we previously found on the worldsheet for each flavor?
In fact, the first family of states |k1, k2〉m does not present a puzzle at all. As indicated
by the contraction of color indices, these states describe bulk mesons rather than worldsheet
8
⌦
<latexit sha1_base6 4="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x 0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2d re2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9Gc RqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7i oUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Js tm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4Mot eLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80Z yokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dnd ca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base6 4="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x 0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2d re2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9Gc RqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7i oUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Js tm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4Mot eLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80Z yokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dnd ca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base6 4="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x 0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2d re2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9Gc RqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7i oUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Js tm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4Mot eLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80Z yokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dnd ca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base6 4="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x 0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2d re2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9Gc RqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7i oUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Js tm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4Mot eLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80Z yokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dnd ca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT3 2bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuTo QS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mp NLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLx ClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJT f09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCP KQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fw BKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT3 2bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuTo QS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mp NLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLx ClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJT f09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCP KQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fw BKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT3 2bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuTo QS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mp NLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLx ClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJT f09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCP KQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fw BKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT3 2bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuTo QS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mp NLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLx ClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJT f09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCP KQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fw BKNCPlQ==</latexit>
V¯
<latexit sha1_base6 4="02L+lZCc3Mqb6veHYU1GdXWIH7I=">AAAB7 XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK6I/w4kHFq//Hm//G bZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt 7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQh jUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9E Oq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBv jh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao 3F//zepmJGkHOZZoZlGy5KMoEMQmZ/06GXCEz YmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+ tas1GkUYYzOIdL8OAGmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base6 4="02L+lZCc3Mqb6veHYU1GdXWIH7I=">AAAB7 XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK6I/w4kHFq//Hm//G bZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt 7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQh jUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9E Oq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBv jh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao 3F//zepmJGkHOZZoZlGy5KMoEMQmZ/06GXCEz YmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+ tas1GkUYYzOIdL8OAGmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base6 4="02L+lZCc3Mqb6veHYU1GdXWIH7I=">AAAB7 XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK6I/w4kHFq//Hm//G bZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt 7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQh jUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9E Oq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBv jh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao 3F//zepmJGkHOZZoZlGy5KMoEMQmZ/06GXCEz YmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+ tas1GkUYYzOIdL8OAGmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base6 4="02L+lZCc3Mqb6veHYU1GdXWIH7I=">AAAB7 XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK6I/w4kHFq//Hm//G bZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt 7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQh jUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9E Oq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBv jh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao 3F//zepmJGkHOZZoZlGy5KMoEMQmZ/06GXCEz YmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+ tas1GkUYYzOIdL8OAGmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit>
V
<latexit sha1_base64="Wy5F8IOeuU/R+9Na OaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdy OU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizW MSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR 6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYj radRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELz Vl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4y k</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9Na OaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdy OU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizW MSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR 6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYj radRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELz Vl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4y k</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9Na OaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdy OU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizW MSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR 6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYj radRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELz Vl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4y k</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9Na OaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdy OU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizW MSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR 6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYj radRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELz Vl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4y k</latexit>
⌦
<latexit sha1_base6 4="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x 0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2d re2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9Gc RqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7i oUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Js tm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4Mot eLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80Z yokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dnd ca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base6 4="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x 0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2d re2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9Gc RqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7i oUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Js tm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4Mot eLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80Z yokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dnd ca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base6 4="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x 0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2d re2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9Gc RqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7i oUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Js tm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4Mot eLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80Z yokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dnd ca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base6 4="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x 0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2d re2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9Gc RqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7i oUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Js tm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4Mot eLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80Z yokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dnd ca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT3 2bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuTo QS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mp NLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLx ClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJT f09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCP KQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fw BKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT3 2bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuTo QS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mp NLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLx ClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJT f09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCP KQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fw BKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT3 2bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuTo QS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mp NLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLx ClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJT f09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCP KQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fw BKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT3 2bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuTo QS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mp NLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLx ClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJT f09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCP KQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fw BKNCPlQ==</latexit>
V¯
<latexit sha1_base6 4="02L+lZCc3Mqb6veHYU1GdXWIH7I=">AAAB7 XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK6I/w4kHFq//Hm//G bZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt 7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQh jUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9E Oq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBv jh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao 3F//zepmJGkHOZZoZlGy5KMoEMQmZ/06GXCEz YmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+ tas1GkUYYzOIdL8OAGmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base6 4="02L+lZCc3Mqb6veHYU1GdXWIH7I=">AAAB7 XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK6I/w4kHFq//Hm//G bZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt 7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQh jUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9E Oq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBv jh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao 3F//zepmJGkHOZZoZlGy5KMoEMQmZ/06GXCEz YmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+ tas1GkUYYzOIdL8OAGmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base6 4="02L+lZCc3Mqb6veHYU1GdXWIH7I=">AAAB7 XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK6I/w4kHFq//Hm//G bZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt 7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQh jUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9E Oq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBv jh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao 3F//zepmJGkHOZZoZlGy5KMoEMQmZ/06GXCEz YmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+ tas1GkUYYzOIdL8OAGmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base6 4="02L+lZCc3Mqb6veHYU1GdXWIH7I=">AAAB7 XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK6I/w4kHFq//Hm//G bZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt 7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQh jUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9E Oq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBv jh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao 3F//zepmJGkHOZZoZlGy5KMoEMQmZ/06GXCEz YmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+ tas1GkUYYzOIdL8OAGmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit>
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Figure 3: Meson states are created by double-trace operators and decouple from world-
sheet excitations in the planar limit.
excitations, see Fig. 3. It is straightforward to check that at large N these states decouple
from the worldsheet states |L〉, |R〉. Indeed, note first that the gluon mediated interaction
H4 commutes separately with the bulk Q
a
0 and the boundary T
a + T¯ a color charges. Meson
states form a singlet w.r.t. the boundary charge, while all worldsheet excitations are linear
combinations of states in the adjoint of the boundary charge. Hence, H4 alone cannot induce
mixing between mesons and worldsheet excitations.
On the other hand, acting with H2 on the meson state we get (restricting to a two-particle
sector)
H2|m〉 = g
2
iN3/2
(
∂βa1†k1 γ
a2†
k2
− βa1†k1 ∂γa2†k2
)
|0〉 ⊗ [T a1 , T a2 ] ,
which is a worldsheet state2. However, in the ’t Hooft limit g2N = const this result is
1/N suppressed compared to the unperturbed worldsheet states |L〉, |R〉. Hence the string
breaking is impossible in the planar limit, as it should be.
The remaining two states do however pose a puzzle. Actually, their presence also has
a natural pictorial representation in the string language. Indeed, if one visualizes quarks
as beads with confining strings (“rubber bands”) stretched through them (cf. Fig. 2) one
naturally arrives at two different states corresponding to two color index contractions in
(14) and (15), see Fig. 4. Note that, as illustrated in Fig. 4, an index contraction does not
need to match the physical ordering of quarks in space—the presence of quarks allows to
introduce zigzags on the Polyakov loop. However, particles in quantum field theory typically
behave differently from beads on a string. The worldsheet theory has a single one-particle
state corresponding to each of the quark flavors, so its two-particle excitations containing
different quark flavors should also be described by a single family of scattering states.
To see how this apparent contradiction is resolved let us study dynamics of the |L〉, |R〉
states. Neglecting the mixing with multiparticle states this amounts to calculating matrix
elements of the full Hamiltonian (7) in the |L〉, |R〉 subspace, similarly to the Abelian
2A somewhat unconventional notation ∂βa†k is explained in the Appendix A.
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⌦
<latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit>
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
V¯
<latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit>
V
<latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit>
⌦
<latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit>
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
V¯
<latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit>
V
<latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit>
 1
<latexit sha1_base64= "2ueJ4+yZ8vFlNas8UpJBLmK8Vw8=">AAAB7HicbVB NSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2z bax2SQkWaEs/Q9ePKh49Qd589+YtnvQ1gcDj/dmmJk XK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRX OpOjA3lTNDQMstpR2mK05jTdjy+nfntJ6oNk+LBThS NUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989 QaSZCkVlnBsTDfwlY1yrC0jnE7LvcxQhckYD2nXUYF TaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7Ms jcT//O6mU3qUc6EyiwVZLEoyTiyEs1eRwOmKbF84gg mmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRR glM4gwsI4BoacAdNCIHAIzzDK7x50nvx3r2PReuaV8 ycwB94nz+1o464</latexit><latexit sha1_base64= "2ueJ4+yZ8vFlNas8UpJBLmK8Vw8=">AAAB7HicbVB NSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2z bax2SQkWaEs/Q9ePKh49Qd589+YtnvQ1gcDj/dmmJk XK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRX OpOjA3lTNDQMstpR2mK05jTdjy+nfntJ6oNk+LBThS NUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989 QaSZCkVlnBsTDfwlY1yrC0jnE7LvcxQhckYD2nXUYF TaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7Ms jcT//O6mU3qUc6EyiwVZLEoyTiyEs1eRwOmKbF84gg mmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRR glM4gwsI4BoacAdNCIHAIzzDK7x50nvx3r2PReuaV8 ycwB94nz+1o464</latexit><latexit sha1_base64= "2ueJ4+yZ8vFlNas8UpJBLmK8Vw8=">AAAB7HicbVB NSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2z bax2SQkWaEs/Q9ePKh49Qd589+YtnvQ1gcDj/dmmJk XK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRX OpOjA3lTNDQMstpR2mK05jTdjy+nfntJ6oNk+LBThS NUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989 QaSZCkVlnBsTDfwlY1yrC0jnE7LvcxQhckYD2nXUYF TaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7Ms jcT//O6mU3qUc6EyiwVZLEoyTiyEs1eRwOmKbF84gg mmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRR glM4gwsI4BoacAdNCIHAIzzDK7x50nvx3r2PReuaV8 ycwB94nz+1o464</latexit><latexit sha1_base64= "2ueJ4+yZ8vFlNas8UpJBLmK8Vw8=">AAAB7HicbVB NSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2z bax2SQkWaEs/Q9ePKh49Qd589+YtnvQ1gcDj/dmmJk XK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRX OpOjA3lTNDQMstpR2mK05jTdjy+nfntJ6oNk+LBThS NUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989 QaSZCkVlnBsTDfwlY1yrC0jnE7LvcxQhckYD2nXUYF TaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7Ms jcT//O6mU3qUc6EyiwVZLEoyTiyEs1eRwOmKbF84gg mmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRR glM4gwsI4BoacAdNCIHAIzzDK7x50nvx3r2PReuaV8 ycwB94nz+1o464</latexit>
 2
<latexit sha1_base64= "SfXLLNpTfjQdC8WG/wrOUAAvgXM=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu 2nXbnbD7kYoof/BiwcVr/4gb/4bt2kO2vpg4PHeDDP zwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnk kvVC7GmnAnqG2Y47SWK4jjktBtObxd+94kqzaR4MLO EBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sf g1GkqQxFYZwrHXfcxMTZFgZRjidVwappgkmUzymfUs FjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9 Kq3EP/z+qmJmkHGRJIaKshyUZRyZCRavI5GTFFi+Mw STBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mk UYYzOIdL8OAaWnAHbfCBwCM8wyu8OdJ5cd6dj2VryS lmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64= "SfXLLNpTfjQdC8WG/wrOUAAvgXM=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu 2nXbnbD7kYoof/BiwcVr/4gb/4bt2kO2vpg4PHeDDP zwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnk kvVC7GmnAnqG2Y47SWK4jjktBtObxd+94kqzaR4MLO EBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sf g1GkqQxFYZwrHXfcxMTZFgZRjidVwappgkmUzymfUs FjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9 Kq3EP/z+qmJmkHGRJIaKshyUZRyZCRavI5GTFFi+Mw STBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mk UYYzOIdL8OAaWnAHbfCBwCM8wyu8OdJ5cd6dj2VryS lmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64= "SfXLLNpTfjQdC8WG/wrOUAAvgXM=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu 2nXbnbD7kYoof/BiwcVr/4gb/4bt2kO2vpg4PHeDDP zwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnk kvVC7GmnAnqG2Y47SWK4jjktBtObxd+94kqzaR4MLO EBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sf g1GkqQxFYZwrHXfcxMTZFgZRjidVwappgkmUzymfUs FjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9 Kq3EP/z+qmJmkHGRJIaKshyUZRyZCRavI5GTFFi+Mw STBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mk UYYzOIdL8OAaWnAHbfCBwCM8wyu8OdJ5cd6dj2VryS lmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64= "SfXLLNpTfjQdC8WG/wrOUAAvgXM=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu 2nXbnbD7kYoof/BiwcVr/4gb/4bt2kO2vpg4PHeDDP zwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnk kvVC7GmnAnqG2Y47SWK4jjktBtObxd+94kqzaR4MLO EBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sf g1GkqQxFYZwrHXfcxMTZFgZRjidVwappgkmUzymfUs FjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9 Kq3EP/z+qmJmkHGRJIaKshyUZRyZCRavI5GTFFi+Mw STBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mk UYYzOIdL8OAaWnAHbfCBwCM8wyu8OdJ5cd6dj2VryS lmTuEPnM8ftyaOuQ==</latexit>
⌦
<latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit><latexit sh a1_base64="VfoMLicLZ6 Uj8hT32bjVfl9ZEKo=">A AAB7nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEUG9FLx4 rGFtoQ9lst+3STTbuToQS +ie8eFDx6u/x5r9x0+agr Q8GHu/NMDMvTKQw6LrfTm lldW19o7xZ2dre2d2r7h8 8GJVqxn2mpNLtkBouRcx9 FCh5O9GcRqHkrXB8k/ut J66NUPE9ThIeRHQYi4FgF K3U7ioUETeVXrXm1t0ZyD LxClKDAs1e9avbVyyNeIx MUmM6nptgkFGNgkk+rXRT wxPKxnTIO5bG1G4Jstm9U 3JilT4ZKG0rRjJTf09kND JmEoW2M6I4MoteLv7ndVI cXAaZiJMUeczmiwapJKhI /jzpC80ZyokllGlhbyVsR DVlaCPKQ/AWX14m/ln9qu 7dndca10UaZTiCYzgFDy6 gAbfQBB8YSHiGV3hzHp0X 5935mLeWnGLmEP7A+fwBK NCPlQ==</latexit>
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
V¯
<latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit><latexit sh a1_base64="02L+lZCc3M qb6veHYU1GdXWIH7I=">A AAB7XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0lEsN4KXjx WMG2hDWWznbRLN5uwuxFK 6I/w4kHFq//Hm//GbZuDt j4YeLw3w8y8MBVcG9f9dk obm1vbO+Xdyt7+weFR9fi krZNMMfRZIhLVDalGwSX6 hhuB3VQhjUOBnXByN/c7 T6g0T+SjmaYYxHQkecQZN Vbq9EOq8vZsUK25dXcBsk 68gtSgQGtQ/eoPE5bFKA0 TVOue56YmyKkynAmcVfqZ xpSyCR1hz1JJY9RBvjh3R i6sMiRRomxJQxbq74mcxl pP49B2xtSM9ao3F//zepm JGkHOZZoZlGy5KMoEMQmZ /06GXCEzYmoJZYrbWwkbU 0WZsQlVbAje6svrxL+q39 a9h+tas1GkUYYzOIdL8OA GmnAPLfCBwQSe4RXenNR5 cd6dj2VrySlmTuEPnM8f2 TaPaQ==</latexit>
V
<latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJ I8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/ +SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGo UC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27VXYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAm elXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomA piYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9eJf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8w pvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit>
 1
<latexit sha1_base64= "2ueJ4+yZ8vFlNas8UpJBLmK8Vw8=">AAAB7HicbVB NSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2z bax2SQkWaEs/Q9ePKh49Qd589+YtnvQ1gcDj/dmmJk XK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRX OpOjA3lTNDQMstpR2mK05jTdjy+nfntJ6oNk+LBThS NUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989 QaSZCkVlnBsTDfwlY1yrC0jnE7LvcxQhckYD2nXUYF TaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7Ms jcT//O6mU3qUc6EyiwVZLEoyTiyEs1eRwOmKbF84gg mmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRR glM4gwsI4BoacAdNCIHAIzzDK7x50nvx3r2PReuaV8 ycwB94nz+1o464</latexit><latexit sha1_base64= "2ueJ4+yZ8vFlNas8UpJBLmK8Vw8=">AAAB7HicbVB NSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2z bax2SQkWaEs/Q9ePKh49Qd589+YtnvQ1gcDj/dmmJk XK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRX OpOjA3lTNDQMstpR2mK05jTdjy+nfntJ6oNk+LBThS NUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989 QaSZCkVlnBsTDfwlY1yrC0jnE7LvcxQhckYD2nXUYF TaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7Ms jcT//O6mU3qUc6EyiwVZLEoyTiyEs1eRwOmKbF84gg mmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRR glM4gwsI4BoacAdNCIHAIzzDK7x50nvx3r2PReuaV8 ycwB94nz+1o464</latexit><latexit sha1_base64= "2ueJ4+yZ8vFlNas8UpJBLmK8Vw8=">AAAB7HicbVB NSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2z bax2SQkWaEs/Q9ePKh49Qd589+YtnvQ1gcDj/dmmJk XK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRX OpOjA3lTNDQMstpR2mK05jTdjy+nfntJ6oNk+LBThS NUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989 QaSZCkVlnBsTDfwlY1yrC0jnE7LvcxQhckYD2nXUYF TaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7Ms jcT//O6mU3qUc6EyiwVZLEoyTiyEs1eRwOmKbF84gg mmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRR glM4gwsI4BoacAdNCIHAIzzDK7x50nvx3r2PReuaV8 ycwB94nz+1o464</latexit><latexit sha1_base64= "2ueJ4+yZ8vFlNas8UpJBLmK8Vw8=">AAAB7HicbVB NSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2z bax2SQkWaEs/Q9ePKh49Qd589+YtnvQ1gcDj/dmmJk XK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRX OpOjA3lTNDQMstpR2mK05jTdjy+nfntJ6oNk+LBThS NUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989 QaSZCkVlnBsTDfwlY1yrC0jnE7LvcxQhckYD2nXUYF TaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7Ms jcT//O6mU3qUc6EyiwVZLEoyTiyEs1eRwOmKbF84gg mmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRR glM4gwsI4BoacAdNCIHAIzzDK7x50nvx3r2PReuaV8 ycwB94nz+1o464</latexit>
 2
<latexit sha1_base64= "SfXLLNpTfjQdC8WG/wrOUAAvgXM=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu 2nXbnbD7kYoof/BiwcVr/4gb/4bt2kO2vpg4PHeDDP zwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnk kvVC7GmnAnqG2Y47SWK4jjktBtObxd+94kqzaR4MLO EBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sf g1GkqQxFYZwrHXfcxMTZFgZRjidVwappgkmUzymfUs FjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9 Kq3EP/z+qmJmkHGRJIaKshyUZRyZCRavI5GTFFi+Mw STBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mk UYYzOIdL8OAaWnAHbfCBwCM8wyu8OdJ5cd6dj2VryS lmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64= "SfXLLNpTfjQdC8WG/wrOUAAvgXM=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu 2nXbnbD7kYoof/BiwcVr/4gb/4bt2kO2vpg4PHeDDP zwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnk kvVC7GmnAnqG2Y47SWK4jjktBtObxd+94kqzaR4MLO EBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sf g1GkqQxFYZwrHXfcxMTZFgZRjidVwappgkmUzymfUs FjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9 Kq3EP/z+qmJmkHGRJIaKshyUZRyZCRavI5GTFFi+Mw STBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mk UYYzOIdL8OAaWnAHbfCBwCM8wyu8OdJ5cd6dj2VryS lmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64= "SfXLLNpTfjQdC8WG/wrOUAAvgXM=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu 2nXbnbD7kYoof/BiwcVr/4gb/4bt2kO2vpg4PHeDDP zwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnk kvVC7GmnAnqG2Y47SWK4jjktBtObxd+94kqzaR4MLO EBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sf g1GkqQxFYZwrHXfcxMTZFgZRjidVwappgkmUzymfUs FjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9 Kq3EP/z+qmJmkHGRJIaKshyUZRyZCRavI5GTFFi+Mw STBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mk UYYzOIdL8OAaWnAHbfCBwCM8wyu8OdJ5cd6dj2VryS lmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64= "SfXLLNpTfjQdC8WG/wrOUAAvgXM=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu 2nXbnbD7kYoof/BiwcVr/4gb/4bt2kO2vpg4PHeDDP zwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnk kvVC7GmnAnqG2Y47SWK4jjktBtObxd+94kqzaR4MLO EBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sf g1GkqQxFYZwrHXfcxMTZFgZRjidVwappgkmUzymfUs FjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9 Kq3EP/z+qmJmkHGRJIaKshyUZRyZCRavI5GTFFi+Mw STBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mk UYYzOIdL8OAaWnAHbfCBwCM8wyu8OdJ5cd6dj2VryS lmTuEPnM8ftyaOuQ==</latexit>
|Li
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeV XrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/A WX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeV XrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/A WX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeV XrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/A WX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeV XrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/A WX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
V¯
<latexit sha1_base64="02L+lZCc3Mqb6veHYU1G dXWIH7I=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMG2hDWWznbRLN5uwuxFK6I/w4kHFq/ /Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjU OBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9EOq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyK kynAmcVfqZxpSyCR1hz1JJY9RBvjh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlG y5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+tas1GkUYYzOIdL8OAGmnAPLfCBw QSe4RXenNR5cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base64="02L+lZCc3Mqb6veHYU1G dXWIH7I=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMG2hDWWznbRLN5uwuxFK6I/w4kHFq/ /Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjU OBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9EOq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyK kynAmcVfqZxpSyCR1hz1JJY9RBvjh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlG y5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+tas1GkUYYzOIdL8OAGmnAPLfCBw QSe4RXenNR5cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base64="02L+lZCc3Mqb6veHYU1G dXWIH7I=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMG2hDWWznbRLN5uwuxFK6I/w4kHFq/ /Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjU OBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9EOq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyK kynAmcVfqZxpSyCR1hz1JJY9RBvjh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlG y5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+tas1GkUYYzOIdL8OAGmnAPLfCBw QSe4RXenNR5cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base64="02L+lZCc3Mqb6veHYU1G dXWIH7I=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMG2hDWWznbRLN5uwuxFK6I/w4kHFq/ /Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjU OBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9EOq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyK kynAmcVfqZxpSyCR1hz1JJY9RBvjh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlG y5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+tas1GkUYYzOIdL8OAGmnAPLfCBw QSe4RXenNR5cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit>
V
<latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbB U0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27V XYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9e Jf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbB U0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27V XYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9e Jf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbB U0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27V XYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9e Jf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbB U0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27V XYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9e Jf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit>
 1
<latexit sha1_base64="2ueJ4+yZ8vFlNas8UpJB LmK8Vw8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2zbax2SQkWaEs/Q9ePKh49Q d589+YtnvQ1gcDj/dmmJkXK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRXOpOjA3lTNDQMstpR2mK05 jTdjy+nfntJ6oNk+LBThSNUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989QaSZCkVlnBsTDfwlY1yrC 0jnE7LvcxQhckYD2nXUYFTaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7MsjcT//O6mU3qUc6EyiwVZL EoyTiyEs1eRwOmKbF84ggmmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRRglM4gwsI4BoacAdNCIHAI zzDK7x50nvx3r2PReuaV8ycwB94nz+1o464</latexit><latexit sha1_base64="2ueJ4+yZ8vFlNas8UpJB LmK8Vw8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2zbax2SQkWaEs/Q9ePKh49Q d589+YtnvQ1gcDj/dmmJkXK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRXOpOjA3lTNDQMstpR2mK05 jTdjy+nfntJ6oNk+LBThSNUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989QaSZCkVlnBsTDfwlY1yrC 0jnE7LvcxQhckYD2nXUYFTaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7MsjcT//O6mU3qUc6EyiwVZL EoyTiyEs1eRwOmKbF84ggmmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRRglM4gwsI4BoacAdNCIHAI zzDK7x50nvx3r2PReuaV8ycwB94nz+1o464</latexit><latexit sha1_base64="2ueJ4+yZ8vFlNas8UpJB LmK8Vw8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2zbax2SQkWaEs/Q9ePKh49Q d589+YtnvQ1gcDj/dmmJkXK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRXOpOjA3lTNDQMstpR2mK05 jTdjy+nfntJ6oNk+LBThSNUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989QaSZCkVlnBsTDfwlY1yrC 0jnE7LvcxQhckYD2nXUYFTaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7MsjcT//O6mU3qUc6EyiwVZL EoyTiyEs1eRwOmKbF84ggmmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRRglM4gwsI4BoacAdNCIHAI zzDK7x50nvx3r2PReuaV8ycwB94nz+1o464</latexit><latexit sha1_base64="2ueJ4+yZ8vFlNas8UpJB LmK8Vw8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2zbax2SQkWaEs/Q9ePKh49Q d589+YtnvQ1gcDj/dmmJkXK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRXOpOjA3lTNDQMstpR2mK05 jTdjy+nfntJ6oNk+LBThSNUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989QaSZCkVlnBsTDfwlY1yrC 0jnE7LvcxQhckYD2nXUYFTaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7MsjcT//O6mU3qUc6EyiwVZL EoyTiyEs1eRwOmKbF84ggmmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRRglM4gwsI4BoacAdNCIHAI zzDK7x50nvx3r2PReuaV8ycwB94nz+1o464</latexit>
 2
<latexit sha1_base64="SfXLLNpTfjQdC8WG/wrO UAAvgXM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu2nXbnbD7kYoof/BiwcVr/ 4gb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnkkvVC7GmnAnqG2Y47SWK4j jktBtObxd+94kqzaR4MLOEBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sfg1GkqQxFYZwrHXfcxMTZF gZRjidVwappgkmUzymfUsFjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9Kq3EP/z+qmJmkHGRJIaKs hyUZRyZCRavI5GTFFi+MwSTBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mkUYYzOIdL8OAaWnAHbfCBw CM8wyu8OdJ5cd6dj2VrySlmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64="SfXLLNpTfjQdC8WG/wrO UAAvgXM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu2nXbnbD7kYoof/BiwcVr/ 4gb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnkkvVC7GmnAnqG2Y47SWK4j jktBtObxd+94kqzaR4MLOEBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sfg1GkqQxFYZwrHXfcxMTZF gZRjidVwappgkmUzymfUsFjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9Kq3EP/z+qmJmkHGRJIaKs hyUZRyZCRavI5GTFFi+MwSTBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mkUYYzOIdL8OAaWnAHbfCBw CM8wyu8OdJ5cd6dj2VrySlmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64="SfXLLNpTfjQdC8WG/wrO UAAvgXM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu2nXbnbD7kYoof/BiwcVr/ 4gb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnkkvVC7GmnAnqG2Y47SWK4j jktBtObxd+94kqzaR4MLOEBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sfg1GkqQxFYZwrHXfcxMTZF gZRjidVwappgkmUzymfUsFjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9Kq3EP/z+qmJmkHGRJIaKs hyUZRyZCRavI5GTFFi+MwSTBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mkUYYzOIdL8OAaWnAHbfCBw CM8wyu8OdJ5cd6dj2VrySlmTuEPnM8ftyaOuQ==</latexit><latexit sha1_base64="SfXLLNpTfjQdC8WG/wrO UAAvgXM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisYNpCG8pmu2nXbnbD7kYoof/BiwcVr/ 4gb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapItQnkkvVC7GmnAnqG2Y47SWK4j jktBtObxd+94kqzaR4MLOEBjEeCxYxgo2VOoNEs2FjWK25dTcHWideQWpQoD2sfg1GkqQxFYZwrHXfcxMTZF gZRjidVwappgkmUzymfUsFjqkOsvzaObqwyghFUtkSBuXq74kMx1rP4tB2xthM9Kq3EP/z+qmJmkHGRJIaKs hyUZRyZCRavI5GTFFi+MwSTBSztyIywQoTYwOq2BC81ZfXid+o39S9+6taq1mkUYYzOIdL8OAaWnAHbfCBw CM8wyu8OdJ5cd6dj2VrySlmTuEPnM8ftyaOuQ==</latexit>
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjV fl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u /x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRq HkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeVXrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkF GNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUec zmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/AWX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YS HiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
⌦
<latexit sha1_base64="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeV XrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/A WX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeV XrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/A WX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeV XrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/A WX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit><latexit sha1_base64="VfoMLicLZ6Uj8hT32bjVfl9ZEKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lEUG9FLx4rGFtoQ9lst+3STTbuToQS+ie8eFDx6u/x5r9x0+agrQ8GHu/NMDMvTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GJVqxn2mpNLtkBouRcx9FCh5O9GcRqHkrXB8k/utJ66NUPE9ThIeRHQYi4FgFK3U7ioUETeV XrXm1t0ZyDLxClKDAs1e9avbVyyNeIxMUmM6nptgkFGNgkk+rXRTwxPKxnTIO5bG1G4Jstm9U3JilT4ZKG0rRjJTf09kNDJmEoW2M6I4MoteLv7ndVIcXAaZiJMUeczmiwapJKhI/jzpC80ZyokllGlhbyVsRDVlaCPKQ/A WX14m/ln9qu7dndca10UaZTiCYzgFDy6gAbfQBB8YSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBKNCPlQ==</latexit>
V¯
<latexit sha1_base64="02L+lZCc3Mqb6veHYU1G dXWIH7I=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMG2hDWWznbRLN5uwuxFK6I/w4kHFq/ /Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjU OBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9EOq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyK kynAmcVfqZxpSyCR1hz1JJY9RBvjh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlG y5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+tas1GkUYYzOIdL8OAGmnAPLfCBw QSe4RXenNR5cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base64="02L+lZCc3Mqb6veHYU1G dXWIH7I=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMG2hDWWznbRLN5uwuxFK6I/w4kHFq/ /Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjU OBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9EOq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyK kynAmcVfqZxpSyCR1hz1JJY9RBvjh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlG y5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+tas1GkUYYzOIdL8OAGmnAPLfCBw QSe4RXenNR5cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base64="02L+lZCc3Mqb6veHYU1G dXWIH7I=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMG2hDWWznbRLN5uwuxFK6I/w4kHFq/ /Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjU OBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9EOq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyK kynAmcVfqZxpSyCR1hz1JJY9RBvjh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlG y5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+tas1GkUYYzOIdL8OAGmnAPLfCBw QSe4RXenNR5cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit><latexit sha1_base64="02L+lZCc3Mqb6veHYU1G dXWIH7I=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMG2hDWWznbRLN5uwuxFK6I/w4kHFq/ /Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjU OBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbq9EOq8vZsUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyK kynAmcVfqZxpSyCR1hz1JJY9RBvjh3Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlG y5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAje6svrxL+q39a9h+tas1GkUYYzOIdL8OAGmnAPLfCBw QSe4RXenNR5cd6dj2VrySlmTuEPnM8f2TaPaQ==</latexit>
V
<latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbB U0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27V XYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9e Jf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbB U0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27V XYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9e Jf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbB U0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27V XYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9e Jf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit><latexit sha1_base64="Wy5F8IOeuU/R+9NaOaWJI8yCKQM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbB U0lEsN4KXjy2YNpCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHssHM00wiOhI8iFn1Fip2eqXK27V XYCsEy8nFcjR6Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtDp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AxrQcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynZELzVl9e Jf1W9rXrN60q9lqdRhDM4h0vw4AbqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8eN4yk</latexit>
 1
<latexit sha1_base64="2ueJ4+yZ8vFlNas8UpJB LmK8Vw8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2zbax2SQkWaEs/Q9ePKh49Q d589+YtnvQ1gcDj/dmmJkXK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRXOpOjA3lTNDQMstpR2mK05 jTdjy+nfntJ6oNk+LBThSNUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989QaSZCkVlnBsTDfwlY1yrC 0jnE7LvcxQhckYD2nXUYFTaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7MsjcT//O6mU3qUc6EyiwVZL EoyTiyEs1eRwOmKbF84ggmmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRRglM4gwsI4BoacAdNCIHAI zzDK7x50nvx3r2PReuaV8ycwB94nz+1o464</latexit><latexit sha1_base64="2ueJ4+yZ8vFlNas8UpJB LmK8Vw8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2zbax2SQkWaEs/Q9ePKh49Q d589+YtnvQ1gcDj/dmmJkXK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRXOpOjA3lTNDQMstpR2mK05 jTdjy+nfntJ6oNk+LBThSNUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989QaSZCkVlnBsTDfwlY1yrC 0jnE7LvcxQhckYD2nXUYFTaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7MsjcT//O6mU3qUc6EyiwVZL EoyTiyEs1eRwOmKbF84ggmmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRRglM4gwsI4BoacAdNCIHAI zzDK7x50nvx3r2PReuaV8ycwB94nz+1o464</latexit><latexit sha1_base64="2ueJ4+yZ8vFlNas8UpJB LmK8Vw8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2zbax2SQkWaEs/Q9ePKh49Q d589+YtnvQ1gcDj/dmmJkXK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRXOpOjA3lTNDQMstpR2mK05 jTdjy+nfntJ6oNk+LBThSNUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989QaSZCkVlnBsTDfwlY1yrC 0jnE7LvcxQhckYD2nXUYFTaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7MsjcT//O6mU3qUc6EyiwVZL EoyTiyEs1eRwOmKbF84ggmmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRRglM4gwsI4BoacAdNCIHAI zzDK7x50nvx3r2PReuaV8ycwB94nz+1o464</latexit><latexit sha1_base64="2ueJ4+yZ8vFlNas8UpJB LmK8Vw8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiWG8FLx4ruG2hXUo2zbax2SQkWaEs/Q9ePKh49Q d589+YtnvQ1gcDj/dmmJkXK86M9f1vb219Y3Nru7RT3t3bPzisHB23jMw0oSGRXOpOjA3lTNDQMstpR2mK05 jTdjy+nfntJ6oNk+LBThSNUjwULGEEWye1esqwftCvVP2aPwdaJUFBqlCg2a989QaSZCkVlnBsTDfwlY1yrC 0jnE7LvcxQhckYD2nXUYFTaqJ8fu0UnTtlgBKpXQmL5urviRynxkzS2HWm2I7MsjcT//O6mU3qUc6EyiwVZL EoyTiyEs1eRwOmKbF84ggmmrlbERlhjYl1AZVdCMHyy6skvKzd1IL7q2qjXqRRglM4gwsI4BoacAdNCIHAI zzDK7x50nvx3r2PReuaV8ycwB94nz+1o464</latexit>
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Figure 4: |L〉 and |R〉 sectors arise as a consequence of the color ordering. Note that
the ordering of quarks in space does not need to agree with the color ordering. This
leads to a possibility of zigzag configurations, as shown on the top.
case [43]. This results in the effective center-of-mass Hamiltonian Heff defined by
〈k′1, k′2|H|k,−k〉 = δ(k′1 + k′2)〈k′|Heff |k〉 . (16)
The details of the calculations are presented in the Appendix B. As follows from eqs. (43),
(44) there, the |L〉 and |R〉 sectors are completely decoupled, and the corresponding Hamil-
tonians are
〈k′|HL(R)eff |k〉 = δ(k − k′)2ωk −
g2N
4pi
(
U(k, k′) P
(k − k′)2 ± ipiδ
′(k − k′)
)
(17)
The function U(k, k′) is given by (45) and it is equal to unity both in a non-relativistic regime
k, k′  m and in the ultra-relativistic one. Hence, in view of (39), after transitioning into
the position space, each of the effective Hamiltonians (17) essentially describe a free fermion
moving in a potential of the form
V L(R)(σ) =
g2N
4
(|σ| ± σ) , (18)
see Fig. 5. This potential does give rise to a non-trivial scattering phase shift, confirming
that the world-sheet S-matrix is indeed non-trivial in the strict planar limit.
Furthermore, we see that the “beads on a rubber band” picture turns out correct at the
end of the day. In the two-to-two scattering of two “free” quarks of different flavors they
always end up reflecting from each other, as a consequence of the semiconfining potential
(18). The linearly growing segment of this potential is due to a confining string formed during
the zigzag period of the collision shown on the top panel of Fig. 4. As a consistency check,
note that the slope of the potential (18) is twice larger than the tension of the fundamental
string (11) in agreement with the zigzag interpretation.
On the other hand, thanks to the semiconfining nature of the potential (18), the standard
counting of asymptotic states holds as well. Namely, the |L〉-sector describes in-states where
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Figure 5: Potential describing a two-particle collision in the |L〉-sector.
the ψ1 quarks enters the collision from the left, and ψ2 enters from the right. Similarly, for
out-states in the |L〉-sector ψ1 exits the collision on the left, while ψ2 exits on the right. The
|R〉-sector describes the complementary kinematics with left and right interchanged.
The absence of transitions in the two-to-two scattering remains true also at higher orders
in the perturbation theory, with multiparton intermediate states taken into account. The
fastest way to see this is to use a covariant description of the θ-vacuum [45]. Namely, adding
auxiliary charges at infinity is equivalent to calculating a path integral on a plane in the
presence of a large circular Wilson line,
Zθ[η] =
∫
DψDψ¯DAµeiSQCDTrPei
∮
dσµAµ+i
∮
dsηψ , (19)
where we introduced a fermionic source η(σ) along the Wilson line, so that Zθ[η] becomes a
generating functional for worldsheet scattering amplitudes. As usual, in the ’t Hooft limit
only the planar diagrams survive, so that the two-to-two scattering of different flavors reduces
to the total reflection, see Fig. 6a). For multiparticle processes of the type ψ1ψ2 → many
the ψ1-flavor does not need to reflect back any more, see e.g. Fig. 6b). However, planarity
still imposes strong restrictions on possible orderings of the incoming and outgoing flavors
along the circle at infinity.
3.2 Identical Particles
To conclude the discussion of the two-to-two scattering on the worldsheet let us discuss what
happens when identical particles are present in the initial/final states. We turn back to the
single flavor case and consider the ψψ → ψψ scattering. In this case we have a single family
of the worldsheet excitations (in addition to mesons, which again decouple in the planar
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a) b)
Figure 6: a) As a consequence of planarity two-particle collisions on the worldsheet
reduce to pure reflection. b) This is no longer the case for multiparticle processes.
However, planarity still highly restricts possible flavor orderings at infinity. On both
panels dashed colored lines show the flow of quark flavors. Empty double lines show
gluons exchange.
limit), which can be chosen in the form
|k1, k2〉 ≈ 2N−3/2|k1, k2, a1, a2〉F ⊗ T a1T a2 . (20)
However, the apparent extra state is still present. Indeed, ordinarily two-particle states
for identical particles can be uniquely mapped into a half-plane, parametrized by a total
momentum kt ∈ (−∞,∞), and a positive relative momentum kr ≥ 0. The states (20) cover
the whole plane instead,
k1, k2 ∈ (−∞,∞) .
Another way to see that particles apparently acquired identity is to calculate the scalar
product of the states (20). Ignoring 1/N corrections one finds3,
〈k′1, k′2|k1, k2〉 = δ(k1 − k′1)δ(k2 − k′2) ,
so that the exchange term is missing. So the states (20) seem to describe a system of two
distinguishable particles—a string attached to each of the particles allows to tell them apart.
This is a problem, because quantum particles are not entitled for an identity. To see that
the very same string saves the day as before, let us calculate the effective Hamiltonian in this
case. The relevant matrix elements are again presented in the Appendix B. They are very
similar to what we previously found for two flavors. The only novelty is that in addition to
3Note that in our notations 〈k′1, k′2| = 2N−3/2〈0|βa2k′2β
a1
k′1
⊗ T a2T a1 .
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an interaction with the background field (47) and a transition due to gluon exchange (49),
an annihilation amplitude (48) is now present. The resulting effective Hamiltonian is
〈k′|Heff |k〉 = δ(k − k′)2ωk − g
2N
4pi
(
U(k, k′) P
(k − k′)2 + ipiδ
′(k − k′)− m
2
4ω2k1ω
2
k′1
)
. (21)
The corresponding potential in the position space is
V (σ) =
g2N
4
(|σ|+ σ) + Vann(σ) , (22)
where the annihilation contribution is suppressed at high energies and reduces to the contact
interaction
Vann(σ) ' g
2N
8m2
δ(σ) (23)
in the non-relativistic regime.
We see that the story is essentially the same as in the two-flavor case. The effective
Hamiltonian Heff describes incoming waves with k > 0 and scattered waves with k < 0. The
confining string, which caused the problem to start with, also provides the cure. Confining
dynamics eliminates extra scattering states, so that counting of the on-shell scattering modes
works exactly as expected for identical particles.
4 Complementarity from Identity
We see that the apparent contradiction with the counting of states gets happily resolved as
far as the on-shell data is concerned. However, as we will discuss now, the resolution comes
at a price. Local off-shell observables need to be sacrificed in the worldsheet theory. This is
consistent with the expected emergent gravitational dynamics on the worldsheet. In fact, as
we argue now, a two-particle sector we just described exhibits certain features expected from
a quantum back hole. In particular, non-locality exhibited by this system provides a specific
scenario for the black hole complementarity. This mechanism for complementarity can be
summarized in a nutshell by the slogan which went into the title of the present section.
One may be surprised to encounter a non-local sector in what initially looked as a pretty
conventional and a very simple local quantum field theory. Clearly, non-locality came across
as a result of the N = ∞ limit. Its origin is clearly seen in the covariant definition of the
worldsheet amplitudes given by the path integral (19). Lacking multitrace operators, the
closest one may come to probe an interior of the worldsheet is to deform the Wilson line
at infinity so that fermion insertions immerse inside the bulk, see Fig. 7. This construction
is reminiscent of the gravitational Wilson line proposal to define semilocal observables in
gravity (see, e.g., [53] for a recent discussion). However, due to a string connecting the
bulk probe to the boundary Wilson loop at infinity it clearly fails to provide truly local
observables.
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Figure 7: Deformed Wilson lines with quark insertions immersed into the bulk provide
semilocal observables for the worldsheet theory.
Also note that in the conventional AdS/CFT context 1/N corrections lead to a breakdown
of the bulk locality, so the statement above that non-locality of the worldsheet theory is
associated to taking the planar limit may sound surprising. There is no contradiction here.
The planar limit is required to define the worldsheet theory on the first hand. Finite N
corrections do make it more non-local (and non-unitary). For instance, they introduce
mixing with meson states, which violate worldsheet unitarity, and may be considered as the
creation of baby universes (c.f. [54]). Of course, these very states also allow to define local
observables in the full bulk theory.
Coming back to specific manifestations of non-locality in the two-particle sector, these
are quite explicit. Even though on-shell scattering data matches the conventional quantum
field theory expectations, particles do remain distinguishable in the bulk. There is a string
attached to each particle, and even if the flavor may be the same, the string provides an
off-shell label for individual particles.
To avoid a contradiction, there is no single wave function which covers the whole space.
For instance, in the two flavor case we may either provide a wave function description for
the situation when ψ1 comes from the left, covers some (energy-dependent) region in the
bulk and exits to the left (the |L〉 state) or its image under reflections (|R〉), but not for
the both. It is important to stress that this phenomenon is different from the conventional
inability to describe relativistic quantum field theory with a non-relativistic wave function.
Here the issue is present arbitrarily deep in the non-relativistic regime, and the effect is not
suppressed by a particle velocity.
As an example, one may consider a linear superposition
|ψ〉 = |L〉+ |R〉 .
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Figure 8: |L〉 and |R〉 sectors correspond to wave functions on the two complementary
spatial slices in the two-sided black hole interpretation of the zigzag collision.
In the conventional quantum mechanics there is no problem to describe a state like this by
a wave function in the position space. The wave function describes two wave packets, which
are well separated initially and interfere at intermediate times. No local description like this
is available for superpositions of two-particle states on the worldsheet, no matter how small
the velocities are.
At this point it is apropriate to draw an analogy between the present system and a
two-sided black hole in the two-dimensional Minkowski space. There is an obvious parallel
between states on the two space-like slices shown in Fig. 8 and |L〉, |R〉 states. Zigzag region
of the collision provides a counterpart of the black hole interior in this analogy.
Given that the scattering is completely reflectional, one may expect a ψ2 particle to serve
as an impenetrable barrier for ψ1, similar to the black hole horizon. Hence, inspecting an off-
shell particle configuration during the zigzag period in the |L〉 sector one might conclude that
ψ1 particle should not be able to escape to the left. Instead, this is exactly what happens.
The analogy extends also to a collision of identical particles and becomes even more
convincing in this case. Conventionally, a collision of two identical particles in the c.o.m.
frame is described by a wave function on a half-line σ < 0, or equivalently, by an odd function
on the whole real axis. A description like this is not available in the present case. A new
pocket of space (the zigzag region) opens up at positive σ and its size depends on the energy
of colliding particles, similarly to the black hole interior.
If instead one insists on a conventional local description with odd wave functions, then
one gets either the σ < 0 region—a static “black hole exterior”—with a pair of free identical
fermions, or the σ > 0 region—a static “black hole interior” with a confining potential. In
fact, this is exactly how two-particle excitations in the θ-vacuum were identified in the earlier
discussion presented in [52]. The family of states (13), (14), (15) were interpreted there as
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two families of confined mesons and a pair of unbound massive quarks. The fake worldsheet
meson is analogous to an eternal static Schwarzschild black hole. Both objects exist only
in the strict infinite mass limit. Instead, as we saw, at a finite mass there is no confined
meson on the worldsheet—a zigzag appears only as a transient period in the collision process.
Importantly, it does not correspond to a resonance.
Pushing this analogy further, one might try to identify meson quantum levels with black
hole microstates. Then one obtains [43] that there are
N (E) = E
2
pig2N
(24)
states with energy smaller than E, which translates into
S = log E
2
g2N
(25)
for the entropy. Given that the size R of the zigzag grows linearly with the collision energy
R =
2E
g2N
,
the expression (25) for the entropy nicely agrees with the logarithmic behavior of the ge-
ometric entanglement entropy in two dimensions4. On the other hand, the corresponding
temperature is T = E, so that one does not expect to find Hawking radiation from a black
hole with such an entropy—a single “Hawking quantum” leads to a complete evaporation.
Of course, we also did not see any sign of copious particle production in our calculations.
We ignored multiparticle processes, but these appear to be suppressed anyway similarly to
the suppression of annihilations in the identical particles case. It will be interesting to study
a particle spectrum produced in the presence of light quarks with masses m . `−1s .
It is not clear whether the absence of Hawking radiation should be considered as a
deficiency of this model, or rather a generic property of two-dimensional gravity. Another
natural possibility in two dimensions is that the Hawking temperature is a constant set by
the Planck length `s [55], which in our case equals to the string tension (11), T ∼ `−1s .
Interestingly, both scenarios imply the same answer for a time delay resulting from the
gravitational scattering. In the worldsheet theory the time delay is proportional to the energy
of the colliding particles (in the relativistic limit) as a shear consequence of the black hole
size (the same is true for the scattering on the worldsheet of fundamental strings [17]), while
in the T = `−1s case as a consequence of the Hawking evaporation. This makes one wonder
whether the two options may be exchanged by a choice of an observer.
Note that black hole complementarity is currently a rather vague notion. In the present
context we understand it as the absence of a local description covering the whole spatial
4Note, however, that this is not a special property of a linearly growing potential. A harmonic oscillator
would do equally well.
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slice. Even in a deeply non-relativistic regime it is possible to introduce a position space
wave function only in two different patches rather than on the whole worldsheet. Hopefully,
concrete models, like the one presented here, will eventually allow to make the notion of
complementarity precise.
To conclude, the black hole information paradox [56] is commonly viewed (and rightly so)
as a conflict between locality and quantum mechanics. The present discussion suggests that
perhaps both need to be modified. In the zigzag black hole it is a violation of locality which
allows quantum particles to acquire off-shell identity, leading to a version of complementarity.
However, both locality and quantum mechanics are violated here in a very gentle way, so
that no drama arises.
5 Comparison to T T¯
Let us turn back to the confining string side of the story and discuss what kind of answer one
may expect for the full worldsheet S-matrix. Let us start with a single quark flavor. In our
calculations we ignored multiparticle processes. However, the simplest expectation seems to
be that, at least for heavy quarks, high energy scattering is dominated by time delays related
to zigzag processes with multiparticle production being the same as in a conventional weakly
coupled quantum field theory.
An exact S-matrix realizing this behavior was constructed in [47]. Namely, given an
S-matrix of an arbitrary relativistic two-dimensional quantum field theory one defines a new
gravitationally dressed S-matrix,
Sˆ = USU , (26)
where U is a unitary operator acting on an arbitrary Fock state characterized by a set of
momenta {ki} as
U |{ki}〉 = ei`2s/4
∑
i<j ki∗kj |{ki}〉 (27)
with
ki ∗ kj = αβkαi kβj
and the momenta in (27) are ordered according to their rapidities. This gravitational dressing
can be recast into the operator language as a T T¯ -deformation [49, 50], which allows to cal-
culate a finite volume spectrum, generalizing the result for dressed free massless bosons [17].
Recently, the dressed S-matrix was derived [57] from the Jackiw–Teitelboim (JT) grav-
ity [58,59] coupled to an undeformed matter theory. Holographic versions of this construction
were discussed in [60–62] and various generalizations in [49,63–67].
Gravitationally dressed S-matrices exhibit many welcome features to describe the scat-
tering on the worldsheet of confining strings in QCD2 (and in higher dimensions). Setting
an undressed S-matrix to unity5, and restricting to the equal mass case, the two-to-two
5For an asymptotically free undeformed theory this is always justified in the UV.
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scattering described by (26) reduces to
e2iδ = ei`
2
s
√
s(s−4m2)/4 . (28)
In the ultrarelativistic limit (28) turns into the shock wave phase shift ei`
2
ss/4. The resulting
time delay grows linearly with the collision energy. This behavior is a perfect match to
(22) and a smoking gun of the string dynamics. In particular, this phase shift describes
worldsheet scattering of critical strings. Furthermore, as an extra support for the black hole
interpretation of the zigzag, this phase shift is also associated with a maximally chaotic
behavior [68].
The finite volume spectrum associated with the gravitational dressing exhibits a charac-
teristic square root singularity for the ground state Casimir energy6 [17, 49,50],
E0(R) ∼ `−2s
√
R2 −R2c . (29)
This singularity can be understood as a Hagedorn phase transition related to the rapid
growth of the density of states caused by the attractive interaction associated with the shock
wave phase shift. Surprising at first sight, this singularity is however a necessary ingredient
for the worldsheet theory. It indicates that the worldsheet theory looses its meaning for
compactification scales R < Rc (equivalently, cannot be heated up to temperatures T > Tc)
due to the deconfinement phase transition, associated with the spontaneous center symmetry
breaking. For the adjoint QCD2 the exact solution for the ground state energy in the heavy
mass regime has been obtained in [69,70] and it indeed takes the form (29).
All these similarities make one wonder whether the worldsheet S-matrix can be given
by a T T¯ deformation of some local theory, perhaps a free one. In fact, the same ques-
tion may also be asked in higher dimensions. There, however, the worldsheet dynamics is
strongly restricted by a non-linearly realized target space Poincare´ symmetry. In particular,
a worldsheet theory at D > 2 contains Goldstone bosons—derivatively coupled transverse
coordinates X i. This makes it impossible for such a simple scenario to be realized, even
though there are interesting indications, coming from the lattice, that the UV asymptotics
of confining strings at D = 3, 4 is described by the T T¯ deformation [8].
Restrictions related to the non-linearly realized target space Poincare´ symmetry are ab-
sent at D = 2. However, it appears that also at D = 2 generically the worldsheet theory is
not given just by the T T¯ deformation of a local quantum field theory. To see the difference in
a single fermion case let us inspect the behavior of the phase shift (28) in the non-relativistic
regime,
2δ ≈ `2smk
(
1 +
k2
2m2
+ . . .
)
. (30)
The corresponding time delay is
∆t =
2∂kδ
v
=
`2sm
2
2k
+ `2sk + . . . . (31)
6Here we assume thermal (antiperiodic) boundary conditions for fermions.
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The second (subleading) term in (31) reproduces the classical time delay corresponding to
the motion in the linear potential (18). However, the small momentum behavior of the T T¯
time delay is dominated by the first term in (31), which can be interpreted as a constant
shift of a spatial coordinate. In other words a massive object in the T T¯ story has a size
which grows linearly with the mass,
∆x =
`2sm
2
.
Such an effect does not seem to be present for heavy quarks on the worldsheet. A linear in
k−1 contribution into a time delay there, which gets generated both by quantum effects in the
potential (18) and due to the annihilation contribution (23), is suppressed at heavy masses.
One may try to look for an undeformed theory, which would have a linear in k contribution
in the phase shift, so that the result after the dressing agrees with the worldsheet scattering.
However, a large contribution which is required, cannot be obtained at weak coupling. Also
it needs to be negative, suggesting the presence of time advances in the undeformed theory,
which is at odds with locality.
This discrepancy goes away in the light mass regime, so a possibility that the worldsheet
theory may be described by the T T¯ deformation of a local theory at some special value of
the mass, m2 ∼ g2N , stays open. In fact, there is one particularly interesting point,
m2 =
g2N
pi
.
At this mass the bulk theory enjoys an accidental supersymmetry, which leaves the trivial
vacuum invariant [38]. However, this supersymmetry necessarily gets spontaneously broken
in the θ-vacuum and on the worldsheet, given that the vacuum energy (string tension) is
positive there. The minimal option for the worldsheet dynamics at this strongly coupled
point is that, just like for heavy quark masses, there is a single particle on the worldsheet—
the free quark. At this point it turns into a massless goldstino. Interestingly, a single massless
fermion selfinteracting via the shock wave phase shift
e2iδ = ei`
2
ss/4 (32)
most likely is invariant under a non-linearly realized supersymmetry. This is similar to a
non-linearly realized supersymmetry for an integrable massless flow between a tricritical Ising
and Ising minimal models, described by the simplest rational CDD factor7 [71]. Even though
there is no a priori reason for the adjoint QCD2 to be integrable at the supersymmetric point,
7A sketch of the argument for the SUSY invariance of (32) proceeds as follows. This phase shift agrees
with the supersymmetric one in [71] at the tree and one-loop level, and all amplitudes defined by (32) are soft.
So one should be able to apply arguments similar to ones presented in [8] to show that it is supersymmetric
as well. This expectation is supported by the observation that the next-to-minimal massless rational CDD
factor also describes a supersymmetric RG flow [72], so it is natural to conjecture that a single fermion
selfinteracting through any massless CDD factor enjoys a non-linearly realized SUSY.
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it looks interesting to explore the possibility that it can be described just by (32). Note that
if no new massless particles appear at this point, the leading order (in derivative expansion)
amplitudes of the “free” quark are completely fixed by non-linearly realized supersymmetry
and integrable. So the question is mostly whether there is an obstruction to quantize QCD2
consistently with this integrability.
Turning to the multiflavor case one finds even more drastic differences between T T¯ -
deformed theories and the worldsheet scattering. Namely, starting with an asymptotically
free theory gravitational dressing results in reflectionless amplitudes at high energies. This
is the opposite to what we found on the worldsheet—the two-to-two scattering there ex-
hibits reflections and annihilations, but no transitions. The absence of transitions is a very
restrictive requirement. For example, it is incompatible with integrability in the presence of
a flavor rotation symmetry [73]. Note that in principle transitions on the worldsheet may
be introduced by deforming the gauge theory with an additional single-trace four-fermion
interaction,
S4f = λ
∫
d2σTrψ¯1ψ2ψ¯1ψ2 .
The possibility to add this interaction (as well as its generalizations which completely break
fermion flavor symmetries, such as Trψ¯1ψ1ψ¯1ψ2) also shows that the complete orthogonality
of |L〉, |R〉 states, which we found here, does not hold in general.
To conclude, it is worth noting that there is a larger class of phase shifts exhibiting a
singularity of the form (29). For instance, a minimal rational bosonic CDD factor,
e2iδ =
`2s
√
s(s− 4m2)− 2i
`2s
√
s(s− 4m2) + 2i (33)
also gives rise to the Hagedorn behavior [74]. The physical interpretation of these models
is considered a bit of a mystery. The present setting provides a natural place to look for
the physical realizations of these S-matrices. For instance, (33) might be a part of an
S-matrix describing a θ-vacuum of a finite N integrable two-dimensional confining gauge
theory, provided such a model exists. Alternatively, (33) might arise at infinite N in the
presence of quark representations which do not respect the center symmetry.
6 Discussion
To conclude, the presented story has two faces—the physics of confining string for its own
sake, and its possible implications for gravity. As far as confining strings are concerned we
feel that the study of the worldsheet dynamics in QCD2 is a promising approach to shed light
on their puzzles. Compared to confining strings in higher dimensions the theory appears to
be less restricted and more amenable to the analytic study. This is due to the absence of
the non-linearly realized Poincare symmetry and of the corresponding Goldstone bosons—
transverse modes of a string. However, much of the same physics, most notably the shock
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wave time delay proportional to the collision energy, arises due to the possibility of zigzags
to form on the D = 2 worldsheet.
Similar to higher dimensions, D = 2 confining strings exhibit tantalizing similarities
to the T T¯ deformation, but also some differences. In both cases one finds a peculiar UV
behavior, which was called asymptotic fragility in [17]. The setup presented here allows
to construct many tractable examples of theories exhibiting this behavior. For instance,
it will be interesting to study a scalar adjoint QCD2 with a generic single trace potential
V = Trf(φ). So far the general lesson seems to be that this unusual asymptotic behavior in
the UV is actually caused by semiclassical IR physics. In the gauge theory example studied
here, this is the confining potential (18). In the critical string case, it is the classical relation
between a proper length and a total energy for a relativistic string.
Already at this stage one can draw some preliminary lessons from QCD2. Namely, in
higher dimensions lattice data combined with certain theoretical considerations suggest a
rather minimalistic scenario for the worldsheet theory of confining strings [8, 9]. We often
hear a criticism that such a scenario is not realistic, and in particular contradicts to the
expectations based on the experience from AdS/CFT (or better to say AdS/QCD). We do
not feel that there is an actual contradiction, mainly because the present AdS/QCD analysis
is done within the (super)gravity approximation, and does not tell much about strings in
the actual QCD. A full-fledged string description in the background with the curvature
length being the same as the string length is required. Nevertheless it is encouraging to see
that QCD2 strings support the minimalistic scenario. Of course, it was already known that
confining strings in two-dimensional gluodynamics are quite minimalistic—they do not carry
any degrees of freedom at all. However, it is nice to see that the minimalism survives also
in the presence of dynamical worldsheet degrees of freedom.
In particular, the conventional holography suggests that there should be a strongly curved
holographic three-dimensional gravitational background describing QCD2. The worldsheet
theory studied here describes the worldsheet dynamics of long fundamental strings in this
background. Then one might expect to find a Liouville-like mode corresponding to the
motion in the holographic direction. There is no sign of this mode neither in the adjoint
QCD2 nor in the pure glue theory in two-dimensions. This fits well with the absence of such
a mode in D = 3, 4 lattice data. Most likely this mode disappears because the holographic
description is very strongly curved similarly to how one does not find any remnant of a
perturbative scalar excitation in the strongly coupled regime of the sine-Gordon model8 [73].
Furthermore, a very interesting question, which came out in the analysis of higher di-
mensional confining strings, is how asymptotic freedom translates into the UV behavior of
the worldsheet theory. The emerging partial answer is that the UV worldsheet scattering is
dominated by shock wave time delays. This expectation again appears to be confirmed by
the adjoint QCD2 example.
8I thank Juan Maldacena for suggesting this analogy.
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In addition, QCD2 suggests a simple correspondence between the worldsheet and bulk
degrees of freedom. Namely, at least in the heavy quark regime, we found that worldsheet
excitations are in one-to-one correspondence to adjoint quarks added in the bulk theory. The
operators describing the corresponding one-particle states on the worldsheet are given by
Oψ = TrPei
∫
Aψ .
Translating this expectation into D = 4 gluodynamics, and extrapolating into the light mass
regime, we expect to find three worldsheet excitations corresponding to the bulk gluon field
created by
Oi = TrPei
∫
AFzi
Oa = ijTrPei
∫
AFij ,
where z is a spatial direction along the string, and i, j label the transverse directions. Simi-
larly, at D = 3 one expects to find a single excitation analogous to Oi. Interestingly, these
simple expectations exactly match the Axionic String Ansatz of [8, 9]. Here Oi correspond
to massless Goldstone modes, and Oa is the worldsheet axion identified in the D = 4 lattice
data in [6].
Coming to the gravity side, one might be skeptical on how far it will be possible to push
lessons learned from such a simple lower dimensional model. We would definitely share this
skepticism if presented with a rather trivial quantum mechanical system (18) alone as a
model for black hole complementarity. It is encouraging, however, that this model came out
here from a fully relativistic theory where we expected to find gravitational physics to start
with.
Furthermore, it is well appreciated by now that the shock wave phase shift exhibits
interesting gravitational features. These include the absence of local off-shell observables,
related to its peculiar UV behavior [17], and maximal chaos [68]. The effect discussed here,
which is based on a close connection between the shock wave phase shift and the physics of
confinement, goes further. Namely, we found a global violation of locality on large distance
scales, rather than just the absence of sharply defined local observables in the UV. This is
commonly expected to be a property of quantum gravity, and it is nice to see a concrete
tractable example.
Yet another reason to be optimistic is that even though intermediate technical steps in
our analysis heavily rely on two-dimensional physics, the main outcome—complementarity
as a result of off-shell identity— is easy to formulate in any number of dimensions. Of course,
it stands up as an interesting challenge now to construct a specific realization of this scenario
in higher dimensions.
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A Conventions
We work with the (+,−) metric and choose purely imaginary γ-matrices,
γ0 = σ2 =
(
0 −i
i 0
)
, γ1 = iσ1 =
(
0 i
i 0
)
.
Then the Majorana fermions are described by real Grassman fields, which have the following
free mode decomposition
ψa =
∫
dk√
2pi
(
βaku(k)e
−iωkτ+ikσ + c.c.
)
where
u =
i√
2ωk(ωk − k)
( −im
ωk − k
)
(34)
and
ωk =
√
k2 +m2 .
The fields in the action (1) are linear combinations
ψ = ψaT a , Fµν = F
a
µνT
a ,
where T a’s are fundamental generators of SU(N) normalized according to
TrT aT b =
1
2
δab .
The wave functions (34) are normalized in such a way that
u†u = 1, (35)
uα(k)uβ(k)
∗ + u∗α(−k)uβ(−k) = δαβ (36)
so the canonical anticommutators are
{βak , βb†q } = δabδ(k − q) .
In the two flavor case for the annihilation operators of the second flavor we use γak .
Occasionaly we use a slightly non-conventional notation ∂βa†k , which stands for
∂βa†k |0〉F =
∫
dk′δ′(k − k′)βa†k′ |0〉F .
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B Dull Calculations with Color Indices
Calculations of matrix elements of the Hamiltonian (7) between two-particle states repeat
verbatim the “dull calculations” in the Appendix of the Coleman’s paper [43] with extra
color indices sprinkled here and there.
One starts with presenting the Hamiltonian in the momentum space. The free fermion
part takes the standard form9
Hfree =
∫
dk
√
k2 +m2βa†k β
a
k , (37)
where we subtracted an infinite vacuum energy (which corresponds to taking the L = ∞
limit; otherwise we would need to keep the finite Casimir energy). The interaction with the
background chromoelectric field (9) turns into
H2 =
g2
2
fabc(T a − T¯ a)
∫
dk∂βb†k β
c
k + . . . , (38)
where dots stand for terms changing the particle number, which do not concern us here.
To present the gluon exchange term (10) in the momentum space we need the Fourier
transform of |σ − σ′|,
|σ − σ′| = −
∫
dk
2pi
eik(σ−σ
′)
(
1
(k − i)2 +
1
(k + i)2
)
≡ −2
∫
dk
2pi
eik(σ−σ
′) P
k2
. (39)
Then we get
H4 =
g2
2
∫
dk
2pi
P
k2
ρa(k)ρa(−k) , (40)
where
ρa(k) =
−ifabc
2
∫
dk′
(
βbk′β
c
−k−k′uα(k
′)uα(−k − k′) (41)
+2β†bk+k′β
c
k′u
∗
α(k + k
′)uα(k′) + β
†b
k′β
c†
k−k′u
∗
α(k
′)u∗α(k − k′)
)
B.1 Distinguishable Particles
For the two-flavor states only the second term in (41) contributes, and the resulting Hamil-
tonian takes the following simple form
H4,2f = g
2fab1c1fab2c2
∫
dk
2pi
dkAdkB
P
k2
βb1†kA−kγ
b2†
kB+k
βc1kAγ
c2
kB
u∗α(kA− k)uα(kA)u∗α′(kB + k)uα′(kB)
(42)
9Unless specified explicitly, summations over flavor indices (equivalently, over β and γ oscillators) are
implicit everywhere.
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Using (38) and (42) it is straightforward to check that both H2 and H4 are diagonal in
the |L〉, |R〉 basis. Their non-vanishing entries are
〈k′1, k′2, L|H2|k1, k2, L〉 = −〈k′1, k′2, R|H2|k1, k2, R〉 = −i
g2N
4
δ′(k1 − k′1)δ
(∑
k
)
(43)
〈k′1, k′2, L|H4|k1, k2, L〉 = 〈k′1, k′2, R|H4|k1, k2, R〉 = −
g2N
4pi
P
(k1 − k′1)2
Uδ
(∑
k
)
(44)
where ∑
k = k1 + k2 − k′1 − k′2
and
U = u∗α(k′1)uα(k1)u∗α′(k′2)uα′(k2) =
(k1k
′
1 + ωk1ωk′1 +m
2)1/2(k2k
′
2 + ωk2ωk′2 +m
2)1/2
2(ωk1ωk2ωk′1ωk′2)
1/2
. (45)
Note that U = 1 both in a non-relativistic regime, when all momenta k  m, as well as in
the ultra-relativistic one, k  m.
B.2 Identical Particles
For identical particles the H2 Hamiltonian acts on a two-particle state as
H2|k1, k2〉 = −ig
2N
4
2
N3/2
(
∂βa1†k1 β
a2†
k2
− βa1†k1 ∂βa2†k2
)
|0〉 ⊗ T a1T a2 . (46)
This corresponds to the following matrix element
〈k′1, k′2|H2|k1, k2〉 = −i
g2N
4
δ′(k1 − k′1)δ
(∑
k
)
, (47)
which is not different from nom the two-flavor case. However, the gluon exchange interaction
is more complicated now, due to a possibility of annihilations. All terms in (41) contribute
now and the resulting Hamiltonian turns into a sum of the annihilation and transition terms.
The annihilation part is
Ha =
g2
4
fab1c1fab2c2
∫
dk
2pi
dkAdkB
P
k2
βc1†k−kAβ
b1†
kA
βb2kBβ
c2
k−kBu
∗
α(kA)u
∗
α(k − kA)uβ(kB)uβ(k − kB)
and the transition one is
Ht =
g2
2
fab1c1fab2c2
∫
dk
2pi
dkAdkB
P
k2
βb1†kA−kβ
b2†
k+kB
βc1kAβ
c2
kB
u∗α(kA − k)uα(kA)u∗β(k + kB)uβ(kB) .
The annihilation matrix elements are
〈k′1, k′2|Ha|k1, k2〉 =
g2N
4pi
P
(k1 + k2)2
Uaδ
(∑
k
)
(48)
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where
Ua =
(k1k2 + ωk1ωk2 −m2)1/2(k′1k′2 + ωk2ωk′2 −m2)1/2
2(ωk1ωk2ωk′1ωk′2)
1/2
.
Note that there is no s-channel pole in (48) because Ua vanishes at k1 + k2 → 0 and cancels
the singularity in (48), producing a non-vanishing finite result for the matrix element at
k1 + k2 = 0.
Finally, for the transition matrix elements we obtain
〈k′1, k′2|Ht|k1, k2〉 = −
g2N
4pi
P
(k1 − k′1)2
Uδ
(∑
k
)
. (49)
where U is given by (45).
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